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Summary. — Calculations are given of the density distributions of elec-
trons and ions in thermodynamic equilibrium in the presence of a uniform
gravational field. Charge separation occurs and the resulting electro-
static potential has been calculated.

1. - IH\trOduction.

...The subject to be discussed in this paper is that of an -ionized g
thermodynamic egquilibrium in the presence of a uniform gravitational:
Thi,,S; study has been made mainly. for didactic purposes but it may also
some connection with the acceleration of plasmas, a subject which is attra
considerable interest.

In the presehee of a gravitational field it is evident that the positive
will tend to settle below the electrons since they are much heavier. A‘i
ration of the two species, however, produces an electrostatic field which op
further charge separation. Thus the density distributions are determin
part by the gravitational field and in part by the electrostatic field. A mag
field may or may not be present since the density distributions, in th
equilibrium, are not affected by a magnetic field. :

The field of acceleration g is taken to be in the negative « direction
the plasma is limited to the half-space > 0 by a plane wall, so tha
problem has plahe symmetry. The distributions of potential, electron de
and ion densmy are to be found for the boundary conditions E(0)= 0, E(co
where F is the electrostatic field. These conditions eorrespond to an unch
wall at =0 and to the total amount of charge being zero.
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. In thermodynamic equilibrium, the densities of electrons and ions are
given respectively by

25’»(1) ' Ny = Yigo €XP [(— mygx + eV)[ET],
and
@ Ny = Tg €XD [ (— My g — 6V)[ETT

f‘:where the indices 1 and 2 refer to electrons and ions, m denotes the mass,
E:—— —dV/dx and e is the absolute value of the elementary charge (for sim-
f”;plicity the ions are supposed singly charged). V is taken to be zero at the
“wall and 80 n,, and n,, are the electron and ion densities at the wall. Poisson’s
- equation can be written down at once and has the following form:

@ {% oxp [<—vmlgm + eV>] -y cxp [<— Magn — eV)” |

da? kT kT
A gimple solution of this equation is the following

@ . 7=—Be,

" where

and

B m=m= exp [—(1mq + my) gz/2T] .

This solution does not satisfy the boundary conditions but it corresponds
| instead to the ease where the electric field is produced by charges.at the
fjfi.boundaries. The gas is electrically nmeutral and a unique scale height exists
which i8 given by H=2kT/[(m,+ m,)g]. This solution can be referred to as
the « plasma solution » since it corresponds to the case where the electron and
“ion densities are equal. It is shown below that this type of solution represents
_a first approximation to the true solution when H >> A, where 1, is the Debye
distance. The complete solution is also discussed in detail and is shown to
_ be «universal » in the limit where H > A,

. — The divergence from the « plasma solution ».

~ It is convenient to introduce a function @(x) such that (kT/e)® is the
~difference between the true potential and that corresponding to a « plasma
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solution ». Thus the potential can be written in the form
(6) | V=—E,(x—mx) + (ET]e)D,
where @, = kTIn (ng/ny,) /[ (ms — m,)g], so that
Mo €XP [— My g2 [ET] = gy €XD [— Mo 9o [kT] = ny  (32Y) -
Poisson’s eguation now takes the following form
(7) d:®/drt = a? exp[—r]sinh @,

where r = z/H, In a®= (%,/H -+ p) and the boundary conditions are:

(8) CO0)=plp—Inay),  ([AP)dr),, = u,
and
(9) (dPjdr), o =

where p=21n (H|,), 13 = kT|Bnnee?) and u= (my—my)/(my+ my). It @
a well-behaved function at infinity, then

(10) (@:@/dr?) . = 0.

Physically this means that there is no space charge at infinity.

It should be noted that @ is an unknown eigenvalue whereas p and p &
parameters whose values are given. For each pair of values of p and u, the
will be a solution @ and a corresponding value of a. When the latter ha

been determined, z,, V, n;, 7, can be found from the following
(11) Ly = —Hqs(o)/ﬂ ;

a2 V = (kTje) {— ulr + BO))ul + B} ,

E) n, = ny exp [— (7 + D(0)/u) + @] ,

(14) ny = my exp [— (r + G(0)/u) — P] ,

which are a consequence of the definitions. Frdm these equations it follo
that n,= n, exp[—2®].
It can be verified that the solution is unique.
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3. — Solution for small values of p.

For small values of p the solution can be obtained by means of the fol-
lowing procedure. Equation (7) ecan be integrated numerically, starting from
r= 0 and with a value of a¢ which is simply a guess. The integration can be
continued until large values of » are reached so that the corresponding value
of d®/dr may be compared with the required value (d®/dr)= u. Hence by
trial and error it is possible to determine a and to calculate the- solution to
the problem.

40+

201

-0.7201
-1.0

-20¢t ' eV/kT

- 30}

Fig. 1. — The function @ and the total (normalized) potential (¢V/kT) for the case where
H=/p and u=1.

As an example, this procedure has been followed for the case p =0, u=1,
the integration being carried on up to r =~ 100, and the results are given in
Fig. 1 and 2. When p is small there is no extended « plasma » region where
'nl ~ n,. For larger values of p, however, such a region occurs and the nec-

405
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Fig. 2. — The electron and ion density distributions for the case where H=A4ip and u=

essary precision and length of the numerical integrations rapidly becoih
prohibitive. Therefore in the following paragraphs the asymptotic solutic
for p — oo will be discussed.

4. — Solution for p=2 In (H/ip) > 1.

4'1. Asymptotic solutions. — From the form of eq. (7) and the bound
conditions (8) and (9) it can be seen that (whatever the value of p) @(0)
and 0 < d@/dr<pu. '

It will be assumed that

(15) |P(0)| <1,

and hence, using eq. (8), a® ~ exp[p], i.e. a2>> 1. Later it will be shown
this assumption is consistent with the solution. From condition (15) it foll
that, starting at = 0 and up to some value of r, eq. (7) can be substitute
by the following equation:

(16) d2D[dr? = a2e D .

This equation can be integrated and the solution which satisfies the bound
conditions (8) is the following:

(17) | @ = o, 1,(z) + 6, Kq(2)
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and

(18) AP /dr = — (¢,/2) 21, (2) + (6,/2) 2K, (2) ,

where Iy(z) and Ky(z) are the modified Bessel funetions of the first and second
kind and order zero, and I,(z) and K,(2) are those of order one, |

19) | ¢ = 2a exp[—r/2],
and ¢, ¢, are constants given by

6, = — Z[Hko — &(0) “kl] ,
C, = 2[piy + D(0)aiy] ,
where
i = I4(20) ,
k,= K,(2a),

Use has been made of the property that

Io(2) Ey(2) + L(2) Ko(2) = 1/ .
In the limit a>>1
iy = 1, = (4m)"*a"* exp[2a],

ky = ky, = (m/4)}a Fexp[—2a],.

and so
20) 4= —(p— 0 a)ata exp[—2d],
(21) - e, = (p + D(0) 00)77730@"é exp[2a] .

In the limit a — oo, as ¢, must remain finite, it is clear that [u+ D(0)a] — 0.
Therefore ’

(22) | D(0) = — pfa
and using eq. (8), the following relations are obtained (in the‘ limit a>1):

(23) : a = exp[p/2] = (H/ip),

(24) D(0) = _ piplH .

407
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From egs. (22) and (20) it follows that
(25) : € = — 2/“7;1}“—% exp[— 2a] .

The value of ¢, is as yet indeterminate and will be determined by the use gf}f
condition (9). It can be seen that eq. (24) justifies assumption (15).

From eqs. (11) and (24) it follows that x, = A, and, using the asymptotlc'f;
forms of I, and K, for large values of the argument, it can be seen that for » < }

(26) D ~ — (uip/H) exp[— @[] .

Eventually, i.e. for sufficiently large values of 7, the solution of eq. (7
gives values of @ which are much greater than unity. It is convement
therefore to consider the approximate form of eq. (7) for > 1, 1.e.

(27) d:@[dr? = (a2/2) exp[D — 7] .

This equation can be integrated once and, using conditions (9), (10), the
following first integral is obtained: ‘

(28) (1— d®[dr)* = a® exp[® —r] + (1 — p)? .

A second integration gives

20) et g VIt atexp[(B—r)] + (1—p)]

A= [VA—pp Farexp[(D —r)]— (1— )]

where 7, is a constant of integration. It is convenient to consider the t
regions, I and II, where (1 —pu)?* is respectively much less or much great

than a?exp[®—r]." ,
For (1—u)*<a?exp[®@—r], eq. (29) reduces to the following
(30) H I) _@zr—21n(7"—,r1)—}—21n2—21nw,
and eq. (28) to
(31) (1 —dP/dr): = a2 exp[D — 7] .

For (1—u)*> atexp[®—r], eq. (29) reduces to the following:

(32) IT) @2/”'—{—(I—M)Tl%2lna—|—2I1£1[2(1—M)].

408
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The transition between these two regions occurs where
(1— w2 = a*exp[®—r],
and therefore, using eq. (29), at r=r,, where

1 V241 0.763
33 - 2 = 1+ 1 1 .
#3) e RV RN (S

4°2. Joining together of the asympiotic solutions. — As long as @ <1, the
solution is given by eq. (17) where ¢, is given by eq. (25) and ¢, is to be
determined by joining solution (17 ) to a solution of the form given by eq. (29)
across a region of » where @ ~1. It is shown in the following that, when
(1 — ) is sufficiently small, 7, is so large that solution (17) can be joined to
a solution of the form of eq. (30).

The fo]lowmg procedure may now be adopted: starting with a conjectured
~ value of ¢, eq. (7) can be integrated numerically, starting from a value of z
and hence 7 (2, and r,, say) such that d(z,) < 1. The integration can be
carried out until large values of o) are obtained and the calculated ®(r) can
- then be compared with the required dependence on r given by eq. (31). Thus,
by trial and error, one can determine ¢, and the solution between the regions
 where @ <1 and where @>> 1. Thls procedure is simplified by the consi-
~ deration that, if one assumes, as will be confirmed by the results, that
- lim ¢, % 0, then, for a — oo, D(z,) = . Hy(2) and (d@/dv")z:%': (65)2) 20 K1 (2).

a—>w

Therefore eq. (7) is to be integrated with the following initial conditions:

; (34) ¢0:'21na—}—1n4—21nzo,
(35) D(r,) = Ko (%)
e (@AD[ar),,, = (@[2)2Fa(z0)

“where 2z, is chosen so that &(z) < 1. On introduction of a new variable
o= (r—2Ina), eq. (7) and conditions (34), (35), (36) become

- A2ddp? = eXi) [— o] sinh @ ,
O = 1114:‘—-2'111.20 y
D(0o) = €. Ko(2y) ,

(AD[d0) ,y, = (62/2) 20 K (20) -
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It is important to note that expressions (37), (38), (39), (40) do not contair‘i‘;;l

p and that, when the speclﬁca,tmn (to be stated more precisely) that », befﬁ;;i

large is met, then the integration algg,

does not involve u. In this case the .

values of ¢, and the numerical solutiop

@(p) are universal. ;

For the numerical calculation -

D(p), a value z,=4.9798 was chosen g

that g, = —1.8245, K,(2,)=3.7731-10

and K,(z,) = 4.1360-10-%. The int

gration was performed for & .serieg

values of ¢,. It was found that th

best fit occurs for 1.2730 < ¢,< 1.273

, and the funetions obtained using thes

N3 limiting -values for ¢, differ by lﬁé;

than 0.039, for wvalues of o up

Fig. 3. — The function ®@(g), where 35.04. Figure 3 shows the calculate

o=7r—21In(H[ip), for the case where CUI'VE D(p)-

H>Ap. This curve does not depend on . It is now possible to use the ﬁ

u; such a dependence exists, however, points of the numerical integration

at larger values of o. order to determine the value of 7,

eq. (30), and hence the value of 7,

eq. (33). From the numerical integration one obtains @ = 29.21 for p = 35
Hence, using eq. (30), -

(41) r,=2lna+ o—2expl(o—P)2]=2Ina—1.86,
and, from eq. (33),
(42) r,=2Ina—1.86 4 1.763/(1 — u)

Having determined ¢,, it can be shown, by use of the asymptotic forms
I,(z), Ky(2) for z>>1 in eq. (17), that ®=0for r =21n 2 (in the limit a —
and so 2= a at this point, ¢.e. 2> 1. - : /

It is now possible to specify more precisely what is meant by the requ
ment that 7, be sufficiently large. For the existence of a region where eq.
holds, 7, must be so great that (r, —21na)> 1, d.e.- from eq. (42) (1 —u) <
This condition is generally satisfied. Using eq (41) in eqgs. (30) and (32
respectively, the following are obtamed

(43) I) =r—2lna+139—2In[{r —21Ina -+ 1.86],
(44) IT) @ = u(r—2Ina+1.86) —1.86 + 2In[2(1 — )] .
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4°3. Caloulation of physical quantities. — Having determined &, egs. (12),
(13) and (14) can be used to determine V, w, and n,. Figure 4 is a sche-
matic diagram showing the variation of @ and V with » and the regions of
applicability of the various asymptotic equations.

eq.(17)

|
A H

<
| iniHIA)-1.86

2 HIH

eVIkT

A
N
N
V2 (kT/e)2(n(22 /H,) N
N

N ~

. 4. — Schematic diagram (not to scale) showing the function @ and the total poten-
1 V for the case where H>>Ap. The regions of applicability of the various asymptotie
uations are shown and the region of numerical integration is indicated. The dashed
curve indicates the solution for u=1 (for r>r,).

V =— (kT|e)ur = — E,x ,

Ny =~ Ny €Xp [— 7],
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and
(47) Ny =~ My €xXP[— 7] .

This is the simple « plasma solution » given in the introduction (eqs. (4) and (5y).
For r<r <r,,

(48) V= (kT/e)[(1—pu)r—2Ina+1.39 —21In (r—21n a+ 1.86)]
(49) = mocl A H) 17,

and

(50) Ny = Mo f(Ap[H)>, exp[—2r,],

where o= exp[1.39], f = exp[2.33] and 7, =r—17,.

For r, < r,
1) [V = (kT)e){(—2Ina+1.86)u —1.86 + 2In[2(1 — w)]},
| = (kT)e)21n (245/H,) , |
(52) f, OC €XP [_ m/Hl:l ’
and
(53) ny oc exp[— afH,]

where H,= kT/[(m,g) and H,= kT/(m,g) are the gravitational scale heigh
electrons and ions respectively.

5. — Diseussion.

The calculations reported above, for the case where (H/1,)?>> 1, show
the plasma region, where the electron and ion densities are very nearly e
extends up to a height of

H[n (H/2p)*—1.86] ~ H In (H/A,)? .

Except for within a thin layer ~ 1,, which is associated with the requir
« surface charge », the plasma scale height 2kT/[(m1+ m,)g| governs the exp
nential decrease in plasma density with height; the electric field is given '
EBy= (my—m,)g/2¢. The plasma density decreases until, at the heig
Hln (H[2:)% the local Debye distance becomes comparable with the chard
teristic distance H, whereupon quasi-neutrality no longer obtains. :
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_ At greater distances the electron space-charge predominates. The electron
cloud itself is divided into two regions. In the first region the gravitational
force on the electrons is megligible and they are essentially in equilibrium
with their own space-charge field. The relatively small number of ions present
in this region have a spatial distribution determined by both gravity and the
_electric field. ,
At very great heights, i.e. above H[In (H/2,)? —1.86]+21In (v/2+1) H,, where
~H, is the electron scale height kZ7'/m,g, the electric field becomes vanishingly
~small. Here both electrons and ions are distributed according to their indi-
- vidual scale heights. It is interesting to note that a finite potential difference
.exists between the top of the electron cloud and the base of the plasma.

* ok ok

: Thanks are due to Dr.s M. Loccr and T. MATITTI for the numerical cal-
~culations in Sections 8 and 4°2.

RIASSTNTO

Si presentano i calcoli delle distribuzioni di elettroni e ioni in equilibrio termo-
dinamico, in presenza di un campo gravitazionale uniforme. Esiste separazione di
cariche ed & stato calcolato il potenziale elettrostatico che ne risulta.
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